This paper describes the theoretical modal analysis of a thick circular plate with a solid shaft and a solid cylina'er. 
INTRODUCTION
The authors have been going along with the fundamental research to make aircraft gears quiet, which have special shapes with a thin web. The first step of this research is to analyze the natural modes of flexural vibration of aircraft gears precisely. But it is very difficult to solve the natural modes of flexural vibration of practical aircraft gears theoretically, since they have very complicated shapes with teeth. From this reason a simple circular plate with a solid shaft and a solid cylinder is treated aa a model of prac tical aircraft gears.
The natural modes of flexural vibration of a circular plate with a solid shaft have already been theoretically analyzed by applying Mindlin's thick plate theory under the elastic boundary conditions between the circular plate **Tokyo Institute of Technology Mechanical and Inteligent Systems Engineering Department 2-12-l Ohokayama, Meguroku Tokyo, 152 Japan and the shaft('). The natural modes of flexuml vibration of a cylinder withy free ends can be theoretically analyzed by deriving the equa-.tion of flexural vibration with consideration of rotatory inertia and shear, and applying Euler's method@).
In this paper the natural modes of flexural vibration of the circular plate with a solid shaft and a solid cylinder has been solved by applying the theoretical modal analysis methods mentioned above and then giving the connecting conditions between the circular plate and the cylinder, and the boundary conditions of the cylinder. The theoretically obtained natural modes of flexural vibration coincide with the experimental and FEM modal analysis results with a good accuracy for a practical use.
THEORETICAL MODAL ANALY-SIS OF A CIRCULAR PLATE WITH A SOLID SHAFT AND A SOLID CYLINDER

A Circular Plate with a Solid Shaft and a Solid Cylinder and the coordinate system
Fig.l(a) shows the circular plate with a solid shaft and a solid cylinder which is dealt with as a simple model of aircraft gears, and the (r,6',z) coordinates system. The outer diameter of the circular plate is 2r,,, the shaft diameter is 2r,, the plate thickness is l+. The outer diameter of the cylinder is 2r,, the inner diameter is 2r, (equal to the outer diameter of the plate), the width is b, the thickness is H,, and the radius of the neutral cylinder is a. The circular plate is located at the center of the cylinder as seen in the figure. The neutral plane of the circular plate is a section at z=o.
To analyze the natural modes of flexural vibration the circular plate with a solid shaft and a solid cylinder is divided into three pieces: the circular plate with a solid shaft, the left cylinder and the right cylinder. Hereafter suffixes p and c denote circular plate and cylinder, respectively. Suffixes L and R denote the left cylinder and the right cylinder, respectively. are the constants determined from the boundary conditions of the circular plate.
The Equation of Flexural
The Equation of Flexural Vibration of the Left and Right Cylinders and the Solutions
For the left cylinder, let the displacements and inclinations of the neutral cylinder be (u~,z)~,w~) and (O,$J&@,~'), respectively. The equation of flexural vibrat'ion is then derived with consideration of rotatory inertia and shear ss ad S& are in-plane shear forces, Q& and Q& are out-of-plane shear forces, MO%, and M& are bending moments, and M& and M& are torsional moments.
Let the solutions of the displacements and inclinations be @(8,z,t) = UL(z)ccemCL6exp(jwt) t&s, t, t) = P(z) sinm,%exp(jwt) wt(8, z, t) = W"(z) cosmCLOexp(jwt) $hC(B, z, t) = GL(z) sinm,LBexp(jwt) $&(8, z, t) = P'"(z) cosmCLOexp(jwt) 1
where, mCL is the number of nodal diameters, and w is the angular frequency.
Next, the following new functions concerning UL(t), V"(z), K'"(z), e(z), and P'"(z)? and their first derivatives with respect to t are mtrcduced as z,' = UL, z," = (UL)', z3L = VL, z4L = (V')' zsL = w, ZB" = (W) z," = m=, 2," = (St+)', ze" = !i+, zl: = (!P)' 1 (6) Substituting F&. (5) and (6) where, pL= {,BrL, pz", . , @j}', /Jj" is the constants determined from the boundary conditions of the cylinder. Suffix T denotes of the transpose of vector. The element, B,:.(z), of the matrix is a function of z.
For the right cylinder, the equations of flexural vibration and the solutions are given by changing the suffixes L to R in &s.(4) N (7).
Connecting Conditions end Boundary Conditions
The solution of the circular plate with a solid shaft has six constants, A11 N A32, which are determined from the boudsry conditions. The solutions of the left and right cylinders have ten constants, &" N ,&t and prR N PI:, respectively, which are also determined from the boundary conditions. Twenty-six boundary conditions are hence required to solve the natural modes of flexural vibration of the circular plate with a solid shaft and a solid cylinder. The reqired boundary conditions are as follows. (Fig.4) ML+M,,-MR=O z,e 3 zp 3. ANALYSIS AND EXPERIMENT
Tested Circular Plates with a Solid
Shaft and a Solid Cylinder Figure 5 shows an example of tested steel circular plates with a solid shaft and a solid cylinder; the dimensions are as follows: 2r,=l!%nm, h,,=2mm, 2rs=70mm, b=6Omm, k=5mmand 1Omm. Also, E=205.8GPa, p=7860kg/m3, and v=O.3 are used for calculation.
Experimental model analysis and FEM model analysis
The natural modes of flexural vibration of the circular plate with a solid shaft and a solid cylinder were experimentally analyzed as shown in Fig.5 by using the instruments listed in Table  1 . Figure 6 shows the apparent excited points (black dots, which correspond to the nodes of a wire frame model) and the practical excited points ( 1 and @ ). The number of the excited points on the cylinder were 48, and those of the circular plate were 32. sis. The number of elements are as follows: 720 elements in the whole shaft, 1440 elements in the whole circular plate, 1584 elelments in the whole cylinder. The total number of elements was hence 3744. The both ends of the shaft were fixed in the FEM modal analysis. Table 2 shows the natural frequencies obtained by the theoretical, FEM and experimental modal analyses of the cicrcular plate with a solid shaft and a 5mm-thick solid cylinder. m in the col- Table 1 Instruments for experimental modal analysis ,n) ), denotes the number of nodal diameters, and n denotes the order of the modes which were obtained under an m. The figures in the (error) column show the errors of the natural frequencies obtained by the theoretical modal analysis to the values obtained by the FEM and experimental modal analyses, re spectively. The symbol (-) shows that the corresponding natural mode was not detected by the experimental modal analysis. The modes marked with (*) have large errors, since the practical displacemets on the boundary between the cylinder and the circular plate were large though those values were assumed to zero in the theoretical modal analysis, as given in 4)(a) of section 2.4. The natural frequencies obtained by the thee retical modal analysis coincided with the values obtained by FEM modal analysis with an error less than 5% except for the modes marked with (*). Also, the theoretical natural frequencies co incided with the values obtained by the experimental modal analysis with an error less than 7% except for the modes marked with (*), and also except for the following nine modes, (0,2), (1,2), (i,3), (2,2), (2,4), (3,2), (3,4), (4,2), (4,4). 'b-e nine modes had large errors up to 14% from the following reason: the practical thickness of the circular plate was 1.79mm due to machining error though the design thickness was 2mm; hence, the bending rigidity of the circular plate was reduced to 0.72 times the designed value.
Next, the mode shapes of typical several modes are shown in Table 3 . The radial, circumferential, and axial displacements, uC, us, and zaC of the cylinder, and the axial displace ment, v+, of the circular plate are shown together for the theoretical and FEM modal analyses in the left column. Those displacements were non-dimensionalized by dividing with the maxmimum displacement among them for each mode. As seen from this table, the mode shapes obtained by the theoretical modal analysis ccincided well with those obtained by the experimental and FEM modal analyses. The similar results were obtained for the circular plate with a solid shaft and a lOmm-thick cylinder.
Thus the natural modes of flexural vibration of a circular plate with a solid shaft and a solid cylinder were obtained with a good accuracy enough for a practical use by the proposed theoretical modal analysis method.
CONCLUSIONS
The natural modes of flexural vibration of a circular plate with a solid shaft and a solid cylinder have been analyzed by the proposed theoretical modal analysis method, and have been compared with the results obtained by the experimental and FEM modal analyses. The obtained results are as follows.
(1) The natural frequencies obtained by the pre posed modal analysis method coincided with an error less than 7% for the circular plate with a 5mm-thick cylinder, and with an error less than 6% for the circular plate with a lOmm-thick cylinder except for several modes, for which the assumptions for the oretical modal analysis cannot be applied.
(2) The mode shapes were also obtained by the proposed theoretical modal analysis method with a good accuracy enough for a practical use except for the several modes mentioned above.
